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Abstract- Investigating the interaction of electron beams with materials and light has been a field of 
research since more than a century. The field was advanced theoretically by the raise of quantum 
mechanics and technically by the introduction of electron microscopes and accelerators. It is possible 
nowadays to uncover a multitude of information from electron-induced excitations in matter by means of 
advanced techniques like holography, tomography, and most recently photon-induced near-field electron 
microscopy. The question is whether the interaction can be controlled in an even more efficient way in 
order to unravel important questions like modal decomposition of the electron-induced polarization, by 
performing experiments with better spatial, temporal, and energy resolutions. This review discusses 
recent advances in controlling the electron and light interactions at the nanoscale. Theoretical and 
numerical aspects of the interaction of electrons with nanostructures and metamaterials will be discussed, 
with the aim to understand mechanisms of radiation in interaction of electrons with even more 
sophisticated structures. Based on these mechanisms of radiation, state-of-the art and novel electron-
driven few-photon sources will be discussed. Applications of such sources to gain an understanding of 
quantum optical effects and also to perform spectral interferometry with electron microscopes will be 
covered. In an inverse approach, as in the case of the inverse Smith–Purcell effect, laser-induced 
excitations of nanostructures can cause the electron beams traveling in the near-field of such structures to 
get accelerated, provided a synchronization criterion is satisfied. This effect is the basis for linear 
dielectric and metallic electron accelerators. Moreover, acceleration goes along with bunching of the 
electrons. When single electrons are considered, an efficient design of nanostructures can lead to the 
shaping of the electron wave function travelling adjacent to them, for example to form attosecond electron 
pulses or chiral electron wave functions.   
Keywords- Electron beam, Wave function, Radiation, Interference, Few-photon source, Acceleration, 
Beam shaping 
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1.    Introduction 
About one century after the introduction of the Schrödinger equation and the invention of the 
transmission electron microscope by Ernst Ruska, electron microscopy has entered nowadays the era of 
ultrahigh sub-Ångstrom spatial resolution [1]. However, microscopy of materials at high spatial 
resolution is not the only possible application of electron microscopes; indeed electron spectroscopy is 
almost playing the same important role for material characterization. Nanoscience is the science of 
understanding the dynamical physical and chemical processes which happen at the nanoscale, within the 
time–energy and momentum–space phase spaces. For this reason, electron probes offering enough 
brightness, emittance, and spatiotemporal coherence length are crucial for our understanding and 
manipulation of the nanoworld.  
Interestingly, similar to light, swift electrons can also undergo inelastic interaction with single electrons 
and by collective electron excitations within the sample, like plasmon and photon polaritons, as a result of 
which they will lose energy [2]. Within the classical formalism, the electron energy-loss (EEL) spectrum 
is theoretically rationalized by a simple but intuitive interpretation, which has a direct correspondence 
with the basic principles of quantum mechanics, demanding that all inelastic signal is collected [3]. In the 
non-recoil approximation and assuming that the electron is travelling parallel to the z-axis, the EEL 
spectrum is provided as    EELS e        scaRe , ; expz edzE R z i z V  
   scaRe ; ;z e ze E R k V    , where e  is the elementary charge,  is the reduced Planck constant, 
  is the angular frequency of the light,  ,e e eR x y is the electron impact parameter,  ˆV V z  is the 
velocity of the electron, zk is the z-component of the wave vector, and 
sca
zE  is the Fourier-transformed z-
component of the electric field. Moreover, by measuring the amount of energy loss of the electrons using 
an EEL detector, we have a direct access to the photonic local density of states projected along the 
electron trajectory [4]. Considering this formalism, many aspects of the optical near-field distribution of 
nanostructures, like dark versus bright modes [5-8], localized surface plasmons [9-12], void plasmons 
[13-16], and wedge plasmons [17-19] are understood by EEL spectroscopy (EELS). The specific 
selection of the wave vector ( zk V ) by swift electrons takes into account the energy–momentum 
conservation criterion which is crucial for mapping the whole local density of mesoscopic structures such 
as gratings [20] and conical tapers [21, 22]. 
An electron interacting with materials and photonic modes of the sample causes electromagnetic radiation 
to the far-field, which can be analyzed using cathodoluminescence (CL) spectroscopy [23-25]. CL is 
complementary to EELS, in the sense that only the radiative modes are detected by CL. However, 
optically dark modes such as bulk plasmons still contribute to the electron-induced radiation [26], because 
the emitter (here the electron) traverses the material. Moreover, whenever an electron beam crosses an 
interface between a metal and a dielectric, transition radiation (TR) as well as plasmon radiation 
contribute to the far-field, which are both mutually coherent with the evanescent near-field of the electron 
[2].  
Indeed many aspects of the interaction of the electrons with nanostructures are well understood and 
investigated in the literature, covering a broad range of material science, plasmonics, and acceleration 
physics. This review provides a rather general overview of the whole field, with emphasis on provoking 
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further research on the interaction of electron beams with carefully engineered structures, such as gratings 
and metamaterials [27, 28], either to create novel few photon sources or to shape the electron beam, but 
also to provide new characterization methodologies by combing these two seemingly distinct aspects of 
the field. We, however, intentionally exclude the aspects of photon-induced near-field electron 
microscopy [29] which has recently attracted a lot of attention, as this research field has been already 
reviewed in recent articles [30]. We start with a brief introduction to the plasmonics and metamaterials, 
which is then followed by detailed theoretical explanations of electron-photon interactions. 
2.   Mechanisms of radiation of the electron interacting with nanostructures and metamaterials 
2.1. Plasmonics and metametrials 
Bulk plasmons are quanta of collective oscillations of free electrons in the form of electron-density 
waves, due to the long-range Coulomb interaction between valence electrons in metals [31, 32]. 
Additionally, existence of boundaries such as surfaces of a thin film, can lead to the propagation of the 
plasmons and its coupling with photons at the surface, hence results in the formation of surface plasmon 
polaritons (SPPs). In other words, SPP unlike Bulk plasmon can carry the electromagnetic energy. 
Interestingly, SPPs have been theoretically predicted by Ritchie [33] and shortly after experimentally 
investigated by Powell and Swan [34, 35] using electron probes in an electron microscope. From those 
early days, electron microscopes have been considered as an important tool for characterization of 
collective excitations in metals.  
Considering the electrodynamics, an interface between two isotropic nonmagnetic materials with 
dielectric functions  1  and  2    can only support a bound optical mode if    1 2     [31]. 
Evidently, this criterion can be met by inclusion of materials like noble metals and their alloys positioned 
adjacent to a dielectric. Additionally, electronic transitions due to the excitation of phonons and excitons, 
as well as Cooper pairs in superconductors can also lead to the satisfaction the above-mentioned criterion 
[36]. Moreover, the propagation constant of the SPP at the interface of two isotropic materials is also 
given by         0 1 2 1 2k          , where 0k c is the free space wavenumber,  is the 
angular frequency and c is the speed of light in vacuum. Interesting aspects of SPP include transmission 
and confinement of the electromagnetic energy beyond the diffraction limit [37] and field enhancement 
up to several orders of magnitude [38], which pave the way towards nanocicuitry [32] and nonlinear 
optics [39]. Due to the capability of SPPs for ultrahigh confinement of optical energies, plasmonic 
resonators can be scaled down to few nanometers [40]. Plasmons in nanoresonators are usually called 
localized plasmons, and have several applications in nanosensing [41], Nanoantennas [42], and enhancing 
the Purcell factor [43].   
The field of plasmonics involves engineering of optical waves using natural materials and their given 
dielectric function. Additionally, engineering of novel materials to conduct the flow of optical waves in a 
more controlled way have led to the emergence of spoof plasmons [44, 45] and metamaterials [27, 46-48]. 
Whereas the former is achieved by corrugated surfaces, metamaterials are precisely designed 
nanostructures in two and three dimensional arrays to engineer not only the effective dielectric function, 
but also the effective permeability. The general effort in the design of metamaterials is to create artificial 
materials with concomitant negative permittivity and permeability, due to the application of such a 
material in controlling the phase of the propagating light at surfaces [27] or at three dimensions [49]. 
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2.2. Basic principles for electron – photon interactions 
Interaction of electrons and optical waves in infinite free space is only restricted to elastic scattering, a 
prominent example of which is the Kapitza–Dirac effect (KDE), as pointed out by Kapitza and Dirac in 
1933 [50]. In the KDE, an electron beam interacts with a standing wave light pattern in free space. As a 
result of such an interaction the electron beam is elastically diffracted, mainly because of a two-photon 
absorption and emission process [51]. Similar elastic scattering effects for ionic beams have been utilized 
in matter wave experiments, using standing-wave optical patterns as gratings to efficiently split the matter 
waves into the required beam paths [52, 53]. Moreover, travelling-wave-assisted beam splitters have also 
been proposed and investigated theoretically, demonstrating that the effect is not necessarily restricted to 
standing wave patterns in free space [54]. However, because of the small values of the Thomson 
scattering cross section, quite high intensities of the laser beam are required to achieve intense diffracted 
matter waves. For this reason the experimental verification of the KDE effect had to wait for the 
development of the laser [55]. Figure 1 demonstrates the diffraction of a Gaussian electron wave function 
from two propagating Gaussian optical waves at the wavelength of 30 nm. The processes were simulated 
with the self-consisted numerical toolbox explained in Section 6. The electron has a velocity of 0.04c, 
longitudinal and transverse widths of 5 nm, and is travelling through the interference point of the optical 
waves, as shown in figure 1(a). The amplitude of the electric field is 120 1.5 10E V m  . Evolution of the 
electron wave function in spatial representation is shown in figure 1(b), which clearly reveals the 
diffraction of the wave function into three peaks by light.  
 
 
Figure 1. A Gaussian electron wave packet interacting with two propagating Gaussian optical 
waves, demonstrating the KDE. (a) Spatial profile of the y-component of the electric field at a given 
time. The wavelength of the light wave is 0 30nm  , and the polarization state is depicted in the 
frame. The electron wave packet traverses the optical waves at their intersection at a velocity of 
0.04c. (b) The magnitude of the electron wave function at times depicted at each frame. The scale bar 
is 100 nm. 
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By contrast, for inelastic electron–photon interaction to occur, one needs a mediator to satisfy both the 
energy and momentum conservation criteria. For the case of the emission of a single photon by an 
electron, these criteria are given by 
f i
f i
E E
p p k
 

 
 (1) 
assuming that other selection rules, as for the angular momentum, are satisfied. In eq. (1) E  is the 
electron energy,  ,i f denotes the initial and final states of the electron before and after the 
interaction,   is the angular frequency of the emitted photon, k is the photon wave vector , and ip and 
fp are the linear momenta of the electron before and after the interaction, respectively. Based upon the 
relativistic energies  2 4 2 20E m c p c    and momenta 0p m v   , where  is the Lorentz factor 
and v  is the electron velocity, the critical angle is inferred as 
 
   
2 2
0 0cos
2 i i
k k ck
p k v k


   (2) 
where  cos i ip k p k    and 0k is the free-space wavenumber of the photon. It is evident that in the 
free-space ( 0k k ), eq. (2) will simplify to  cos ic v   , which cannot lead to real values for  . 
However, there exist several ways to satisfy eq. (2) [56, 57], either by manipulating the momentum of the 
photon or the electron, or their energies, in either longitudinal or transverse directions. Among these 
possibilities, slow-wave mediators incorporating optical devices for manipulating the momentum of the 
photons allow for most effective designs, and are discussed here. For devices which use Larmor-based 
mechanisms of radiation and which incorporate quasi-free electrons, it is referred to [58-61] for free 
electron lasers and [62, 63] for cyclotron radiation. 
In the classical limit where 0  and also at low photon energies where ip c the second term in 
eq. (2) is dominant. In order to have 0ic v k k , one can use a matterial with refractive index 
  in c v  . This is the condition for Cherenkov radiation (CR) [64], and the underlying mechanism will 
be discussed in more detail in Section 2.3. Another method is to make use of the nearfield of materials 
which provide evanescent modes with wavenumbers large enough to satisfy eq. (2). An example of such a 
topology is an electron traveling adjacent and parallel to a single interface [65]. Moreover, when an 
electron crosses an interface, this leads to TR [2, 66]. The origin of this radiation is understood by the 
coupling of the moving electron with its image charge inside the material, which together form a transient 
dipole. Examples of TR from metamaterials will be shown in Section 2.4. The Smith–Purcell effect 
occurs when an electron travels near a grating, as will be discussed in section 2.5.  
2.3. Cherenkov radiation 
CR takes place as a result of the interaction of a moving charge with a bulk material with refractive index 
higher than c v , where v is the electron velocity. Despite being similar to the acoustic wave created by a 
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uniformly moving source at a velocity larger than the sound velocity, it was only in the 1930’s that an 
equivalent electromagnetic wave was experimentally detected [67-69]. Evidently this is due to the fact 
that accelerators were needed to create sufficiently fast moving charges. 
 Several publications were devoted to the classical [64, 70] and quantum-mechanical [71-74] theoretical 
basis of CR and also its applications [75] in isotropic and homogeneous metals and dielectrics. While the 
classical principles of CR are well understood, possible quantum effects were only recently discussed. 
Interestingly, quantum mechanical aspects of CR address the following questions: (i)- Is it the matter or 
the electron which emits the photon [74]? (ii)- Which form of the photon momentum is to be exploited, 
the Minkowski or the Abraham representation [76]? Both these issues are at the heart of quantum 
electrodynamics. In most practical situations, the classical treatment which excludes the second 
quantization of the radiation agrees with the experimental results [73]. It is only at the extreme regimes of 
ultraslow electrons and ultrahigh photon energies, where quantum-optical corrections need to be 
considered [64]. However, when an electron wave packet which sustains certain spin and angular 
momenta is considered, novel aspects such as the splitting of the CR cone into two cones and radiation in 
the backward direction have been discussed [72]. Hereafter, only the classical treatments are considered. 
CR emission can be observed in a transmission electron microscope as a result of the interaction of the 
electron beam with the sample. CR leads to a resonance in electron energy-loss spectra from various 
materials [77, 78], and the dispersion diagram associated to CR can be retrieved using momentum-
resolved EELS [79]. The analytical expression for electron energy-loss spectra associated with CR in a 
bulk material has been provided by Kröger [66]. To enable a direct application to metamaterials, we have 
calculated the EEL spectrum using a vector potential approach as described in the appendix. The 
momentum-resolved EEL spectrum and the radiated power originating from the interaction of a moving 
electron with speed V along the z-axis within a bulk material can be generalized for the case of an 
anisotropic and permeable material as: 
 
 
22 2
2
2
22 2 2
0
, Re
8
1
yx
z x y
rxx ryy
rzz r x y
ke k
P k k
V
k k k V

  
  

 
    
 
 
  
   (3), 
and 
 
 
  
 
EELS 2
2 2
22
0
22 2 2
0
,
4
1
Im
x y
rzz r
rzz rzz r x y
d k k e
dz
k V
k k k V

  
  
   

 
 
  
 
   
 
   (4) 
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, respectively. For the sake of simplicity, the only nonzero components of the permittivity tensor are 
assumed to be rxx , ryy , and rzz . Moreover,  , ,x y zk k k k c  is the wave vector of the emitted 
light in the reciprocal space, e  is the electron charge, 0k c and 0 are the free-space wavenumber and 
permittivity, respectively. Interestingly, the EEL spectrum for a bulk material is only related to the rzz  
relative permittivity component, although for the emitted power in the z-direction all permittivity 
components are relevant. Moreover, the EEL spectrum has two contributions from the longitudinal and 
transverse terms given by 
 
 
 
EELS 2
2 2
2 22
2 2 22 2 2
0
, 1
Im
4
1
Im
4
x y
rzz
x y
rzz rzz r x y
d k k e
dz
k ke
k k k V

  
     


 



  
 (5) 
where the first term in the right side of eq. (5) is known as the longitudinal term and the second term as 
the transverse term. This nomenclature is because of the longitudinal and transverse current densities in a 
bulk material both of which contribute to the energy loss experienced by the electron [80]. Examples for 
longitudinal excitations are the bulk plasmon, whereas for transverse excitations CR. As EEL spectra are 
routinely employed to perform Kramers-Kronig analysis, care should be taken regarding the transverse 
part [79], which is also theoretically confirmed by using eq. (5) (figure 2). 
 
 
Figure 2. Momentum-resolved EEL spectrum for bulk silicon, for which the CR and bulk plasmon 
contributions are apparent. (a) theoretical EEL spectrum calculated using eq. (4). (b) Experimental 
EEL spectrum reported by Stöger-Pollach et al (without scale). Reproduced with permission from 
ref. [79], © Elsevier Ltd. 
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For anisotropic materials, direct detection of the CR emission by means of angle-resolved CL 
spectroscopy [20, 81, 82] can unravel the energy–momentum isofrequency surfaces. The isofrequency 
surfaces for anisotropic dielectrics are ellipsoids, whereas for hyperbolic metamaterials they are 
hyperbola. An example of a natural hyperbolic metamaterial in the visible frequency range is Bi2Se3 [83, 
84], a uniaxial material with two different permittivity components (figures 3(a) and (b)). The structure of 
Bi2Se3 is composed of stacks of quintuple layers as shown in the inset of Figure 3a, where the permittivity 
within the ab crystallographic plane is different from the permittivity normal to this plane. We consider 
two different orientations of electron trajectories with respect to the optic axis in Bi2Se3; i.e., parallel 
(Figure 3(c)) and normal (Figure 3(d)) to the optic axis. The kinetic energy of the electron is assumed as 
200 keV. Figure 4 shows the momentum-resolved EEL and also the power spectra for bulk Bi2Se3, using 
the permittivity data shown in Figure 3(a) and (b) [84]. For an electron traveling along the c-axis, as 
shown in Figure 3(c), there is a clear CR emission at energies below E = 1.1 eV at which the material is 
dielectric. This emission is apparent in both the EEL and in the radiated power spectra. Moreover, the 
emitted light has momentum and phase velocity components parallel to the electron velocity. 
The excitation of the longitudinal (bulk) plasmon is also visible in the EELS data. Moreover, for energies 
above E = 3.5 eV, a reversed CR emission can occur in Bi2Se3 (figure 4(b)). A reversed CR emission 
occurs when emitted light propagates backward with respect to the direction of propagation of the 
electron. As the electron here propagates along the z-axis, a reversed CR leads to negative values for the 
power flow of the emitted light (Poynting vector) projected along the z-axis (eq. (3)). The momentum-  
 
 
Figure 3. Relative permittivity components of Bi2Se3. (a) real part of the permittivity, and (b) 
imaginary part of the permittivity components along c-axis (red lines) and normal to it (a-b plane). 
Two cases of electron trajectories are considered, (c) electron traveling normal to the optic axis, and 
(d) electron traveling parallel to the optic axis. 
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Figure 4. (a) EEL and (b) radiated power spectra for an electron at a kinetic energy of 200 keV 
traveling parallel to the c-axis (the configuration is displayed in figure 3c). (c) The momentum 
distribution of the emitted light at two different photon energies depicted at each frame. (d) EEL and 
(e) radiated power spectra for an electron at the kinetic energy of 200 keV traveling parallel to the b-
axis (for configuration see figure 3d). (f) The momentum distribution of the emitted light at two 
different photon energies depicted at each frame. 
 
resolved power spectrum shown in Figure 4c demonstrates the formation of spheroidal isofrequency 
surfaces at the plane normal to the electron trajectory, because for this case we have ,r xx r yy ra b    . 
The situation is quite different when the electron is traveling parallel to the optic axis (the c-axis, see 
figure 3 (a)). For this case, although the CR emission is still apparent at lower energies, there is no bulk 
plasmon contribution within the energy range investigated here despite the fact that 
 , 1.72eV 0ra b    . This is due to the fact that the loss function  ,Im 1 ra b does not exhibit any 
maximum at this energy. The radiated power spectrum exhibits a reversed CR emission at energies 
between 1.06 eV and 1.80 eV, for which 0rc  but , 0ra b   holds. The momentum-resolved power 
spectrum clearly certifies the anisotropic nature of the material. For the conditions , 0ra b  and also 
0rc  , an ellipsoidal ring should appear in the momentum-resolved power spectrum as shown in Figure 
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4f for the panel resolved at the energy of E = 0.6 eV. At energies higher than E = 1.8 eV at which Bi2Se3 
is hyperbolic, hyperbolic-like features appear, instead of the ellipsoidal ring.  
A left-handed material (LHM) is a material whose permittivity and permeability and hence refractive 
index have simultaneously negative values, at least in a certain frequency range [85]. Reversed CR 
emission has been first assured for a charge particle moving inside a LHM [86]. The observation of 
anomalous maxima at field intensities inside the LHM for an electron crossing an interface between LHM 
and air is related to the phase velocity of the CR emission in the LHM which is antiparallel to the group 
velocity [87]. The momentum-resolved EEL and CL spectra calculated for an electron propagating inside 
a bulk LHM directly demonstrate the negative phase velocity of light in the LHM, and correspondingly 
the reversed CR emission [88]. In order to confirm this, we consider here a prototype isotropic LHM with 
permittivity and permeability components both given by a Drude model as  21r r p pi         , 
where p is the plasma frequency and p is the damping rate. Using eqs. (2) and (3), the momentum 
resolved EEL and radiated power spectrum are calculated, and the results are shown in Figure 5. The 
calculated power flow (pointing vector) demonstrates negative values, which is due to the antiparallel 
propagation of the emitted light with respect to the direction of propagation of the electron. In other 
words, the negative refractive index leads to negative values for power and hence a backward emission up 
to the plasma frequency (figure 5(b)). 
Finally, it was recently demonstrated that the interaction of a moving charge with a hyperbolic material 
can lead to the CR emission without any required threshold for the electron velocity [89]. This finding has 
been further used to employ low-energy electrons and hyperbolic materials in an integrated setup to 
generate a tunable and compact light source. 
 
2.4. Transition radiation 
A moving electron crossing an interface between two different materials generates a radiation called 
transition radiation (TR), which is mutually coherent with the self-field of the electron. It is widely 
accepted that TR happens because of the interaction of the moving electron with its image charge. This 
involves (i) the creation of an image charge in the second medium when the electron is still moving in the 
first medium, (ii) a gradual annihilation of the image when the electron approaches the interface, and (iii) 
the screening of the electron charge when the electron has crossed the interface. This effect has been first 
predicted by Ginzburg and Frank [90], and thereafter intensively studied both theoretically and 
experimentally by many groups. Ginzburg considered several ways to treat the problem theoretically 
either as a Larmor radiation created due to a sharp change in the velocity of the electron at the interface 
[91], or a sudden change of the refractive index and hence of the phase velocity of the light waves due to 
the inhomogeneity of the medium [92]. Interestingly, TR can be also considered within the category of 
radiation by a uniformly moving charge, and therefore a theoretical treatment based on the non-recoil 
approximation is well suited to describe this phenomenon. Just like CR, TR also contributes to the EEL 
spectra. A detailed analytical treatment of EEL probability has been performed by Kröger already in 1968 
[66], and more recently by Garcia de Abajo et al. [93] in more detail considering inclined excitations 
towards the surface. Taking into account the retardation effect and boundary conditions, such a treatment 
has been shown to be in a good agreement with experimental results [93].  
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Figure 5. Calculated (a) EEL and (b) power spectra for an electron at the kinetic energy of 200 keV 
propagating inside a LHM, with both the permittivity and permeability values modelled by a Drude 
function. 
 
Coherent TR in the far-infrared could be detected and carefully configured from the overall CR and TR 
radiation pattern, by carefully tuning the refractive index of the materials involved [94]. Using TR 
emission, Glinec et al. were able to resolve spatiotemporal fine structures of laser-driven electron beams in the 
sub micrometer range [95]. In relevant works, the longitudinal micro-bunching of the electron beams in a free 
electron laser has been detected using coherent TR from the interaction of electron beams with thick foils [96-
98]. Moreover, TR has found application in developing intense THz radiation sources [99, 100]. 
Although TR takes place already at a single interface, practical situations consider more often thin films. 
In thin films, TR, CR, and also guided modes contribute significantly to the radiation loss and energy loss 
suffered by the electron. Importantly, in isotropic metallic thin films below the plasma frequency, CR 
cannot take place. However, in this energy range surface plasmons contribute significantly to the EEL and 
also to radiation spectra. It is known that far-field optical radiation cannot excite bulk plasmons, and 
accordingly longitudinal currents and hence bulk plasmons in a reciprocal picture cannot contribute to the 
far-field radiation as well. However, the situation changes when an emitter like a relativistic electron is 
placed inside matter [26]. In this case, EELS have already demonstrated a significant signal due to the 
excitation of bulk plasmons by moving electrons [101], which can be exploited to map different elements 
of composites.   
13 
 
Inclusion of a second interface and also of multilayered structures has another consequence, namely the 
occurrence of interferences within the thin film, because of multiple reflections of the emitted light from 
the boundaries (figure 6(a)). This interference phenomenon affects the overall EELS signal and also the 
TR emission significantly, and can be used to measure the electron beam energy with high accuracy 
[102]. Moreover, dielectric and metallic thin films are also able to support guided modes, and the field 
profile in the latter case can be decomposed into symmetric and antisymmetric modal configurations 
formed by the coupled surface plasmon polaritons at the interfaces. The hybridization of surface plasmon 
modes for pure thin films is perfectly captured in the momentum-resolved EEL spectra [103]. For 
hyperbolic metamaterials like Bi2Se3, there exists a more complicated classification of optical modes [83, 
104]. In general, six different modal classes are possible, specifically symmetric and antisymmetric 
transverse magnetic with respect to x, y, or z axes (TMx, TMy, and TMz, respectively), where part of which 
can be excited by moving electrons interacting with thin films composed of hyperbolic materials. 
Moreover, as a result of the interaction of electron with a Bi2Se3 thin film, an enhanced ultrabroadband 
TR will be generated (figure 6(b)), which manifests itself in ultrabroadband EEL resonances as well [83]. 
This is due to the hyperbolic nature of Bi2Se3 which provides a very high photonic local density of states 
[105]. In fact, hyperbolic metamaterials have been already demonstrated to be able to enhance and control 
the emission from nanoemitters in an efficient and directional way [106]. However, the possibility of 
controlling the directionality of TR with hyperbolic materials has yet to be fully explored.  
 
 
Figure 6. (a) A moving electron interacting with a thin film can excite TR and CR, as well as guided 
modes formed by multiple reflections within film. (b) Field profile of the excited states at the energy 
of 2 eV from an electron at a kinetic energy of 200 keV interacting with a Bi2Se3 film with a 
thickness of 20 nm. The optic axis is parallel to the film. (c) Momentum-resolved EEL spectra for a 
200-keV electron interacting with Bi2Se3 films with thicknesses depicted in each frame. 
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As previously mentioned, EELS can map the photonic local density of states projected along the electron 
trajectory [4]. This particular projection along with the momentum conservation picture sets a criterion 
for the EELS to be able to map only certain modes of the structures [21]. Nevertheless, the mentioned 
criterion is advantageous in designing coherent radiation sources using synchronization, as in Smith–
Purcell free-electron lasers [107, 108] (see section 2.4). Here, we only mention that using EELS only 
those modes of the structure are excitable which support an electric field component along the electron 
trajectory. In other words, TMy modes are not excited as these modes sustain only Ey, Hx, and Hz field 
components. Nevertheless, the dispersion of the excitable modes, can be captured using momentum-
resolved EELS (figure 6(c)). For a thin film with a thickness below 20 nm, the dispersion of the TMx 
mode is clearly visible, whereas for a film as thick as 100 nm, the contributions of CR and bulk plasmon 
are dominant. 
Interaction of extremely concise wave packets of relativistic electrons with thin samples and interfaces 
takes place within only a few attoseconds. This short interaction time provides a large bandwidth for the 
spectroscopic investigations of optical modes, and naturally leads to ultrashort light emission, which has 
been recently studied by taking the Fourier transform of time-harmonic solutions of the Maxwell equation 
over a large spectral bandwidth [109]. 
Finally, it should be emphasized that there still exists a great potential for controlling the emission from 
electron-driven photon sources using metamaterials. The above-mentioned example was including a 
natural hyperbolic metamaterial. An even more interesting phenomenon is to be exploited by using LHM. 
As a prototype, a LHM film with both permittivity and permeability modeled by a Drude function as 
 21r r p pi         is considered. Figure 7(a) displays the calculated momentum-resolved EEL 
spectra, considering an electron at a kinetic energy of 200 keV interacting with a film with the thickness 
2 pD c  . The exotic dispersion of the possible excitations is well captured in this picture. Inverted CR 
emission with the specifications described in section 2.2, along with the excitation of SPP modes which 
are decomposed into the symmetric and antisymmetric modes take place, which demonstrate a weak 
interaction with each other. Bulk plasmon excitation exactly at the plasma energy, as well as a plethora of 
guided mode excitations occurring at energies below the CR dispersion are also inferred from the 
momentum-resolved EEL spectram. The different crossings which happen for CR and SPPs can be an 
interesting option for investigating weak and strong couplings in metamaterials [110, 111], TR emission 
from such a structure reveals the interferences between the inverted CR and TR, which can be understood 
based upon the splitting of the field profile at 2z D , in contrast to the transmitted field (figure 7 (b)). 
 
2.5. Smith–Purcell Effect 
Already in 1953 [112], even before detection of TR by Goldsmith and Jelly in 1959 [113], Smith and 
Purcell investigated the emission properties of an electron beam propagating parallel to a metal diffraction 
grating. Based on geometrical-optics assumptions, they found that there is a simple relation between the 
wavelength of the emitted light and the velocity of the electron as   1 cosd    , where  d is the  
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Figure 7. (a) Momentum-resolved EEL spectra for an electron at the kinetic energy of 200 keV 
interacting with a LHM film with the thickness of 2 pD c  . (b) Profile of the z-component of the 
electric field at p   . 
 
period of the grating, v c  , and   is the angle between the emitted light ray and the velocity of the 
electron ( v ). In fact, this relation can be rationalized by the momentum conservation criterion given by 
eq. (2), by considering 0 2k k m d  , where m is the diffraction order. First harmonic Smith–Purcell 
radiation occurs whenever m = 1 is the dominant response.  
Although Smith–Purcell emission is generally described by the grating diffraction orders, practical 
situations typically involve a finite number of grating elements. The effect of the number of grating 
elements on the probability of photon generation and EELS has been addressed in ref. [114], which 
demonstrates a transition from individual resonances to an interference pattern in the far-field upon 
increasing the number of elements (figure 8(a)). Moreover, it has been shown that for the case of a grating 
composed of silica spheres, the EELS and photon generation probabilities are quite similar, in contrast to 
metallic gratings. The interplay between the Smith–Purcell radiation and surface plasmon radiation 
caused by the interaction of an electron beam and a metallic grating has been recently investigated 
experimentally, using a silver grating, where it has been found that the interferences between plasmons 
and Smith–Purcell radiation lead to a characteristic Fano resonance (figure 8(b)) [20]. In a relevant 
contribution, using the Poynting theorem, it has become possible to derive a relation between the photon 
generation probability and EEL probability [115]: The difference between EEL and photon generation 
probabilities is related to the absorption spectra, which in turn is governed by the dissipation loss in the 
matter. 
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Considering all the mechanisms of radiation described above, whether the emission is coherent or not 
depends not only on the material, but also on the shape of the electron wave packet [116]. As an example, 
for a bunched electron wave packet, the emission is coherent when the longitudinal broadening of the 
bunch is smaller than the wavelength of the emission [117]. In general, an ensemble of emitters 
positioned in such a bunch can lead to a coherent spontaneous emission known as superradiance [118]. 
Interestingly, this phenomenon is time-reversable, as a coherent optical radiation interacting with an 
electron wave function can cause the wave function to evolve into bunches [119, 120], even for a single 
electron wave packet [121].  
 
 
Figure 8. (a) Simulated probability of photon generation from the interaction of a relativistic 
electron at the kinetic energy of 200 keV with a chain of Al spheres composed of N = 1 and N = 15 
elements. Reproduced with permission from [114], © American Physical Society. (b) Measured CL 
spectra from the interaction of an electron beam at different energies with a silver grating. 
Reproduced with permission from [20], © American Physical Society. 
 
3.    Electron-driven coherent radiation sources for the visible and UV range  
3.1. Smith–Purcell photon sources 
The possibility to tune the wavelength of the emitted light by either changing the period of the grating or 
the velocity of the electron, has made the Smith–Purcell effect one of the prominent choices for designing 
THz radiation sources [122, 123], in addition to superconductors [124]. In general, the Smith–Purcell 
effect is routinely used to design tunable electromagnetic sources in frequency and power ranges which 
are not directly accessible by semiconductor-based lasers [107, 108, 125-135]. Smith–Purcell radiation is 
one of the different mechanisms for designing free electron lasers, besides bremsstrahlung and Thomson 
scattering [136]. Here the effort is to maximize the emission gain per electron bunch and to enhance 
coherence, by introducing well-controlled electron beams as well as feedback elements [137-139]. 
Whereas the bremsstrahlung radiation is mostly used for generation of X-rays at ultrahigh intensities, 
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Smith–Purcell emission is used for generating table-top and compact THz radiation sources, for instance 
in the form of devices called Orotrons [140].  
Major advances in the development of Orotrons include (i) Improvement of starting-current-density 
threshold and radiation power by incorporating multimode slow-wave structures, composed of the grating 
and a flat mirror, which is designed to optimize the coherent waves in the form of s-polarization [141]; 
(ii) Engineering the shape of the electron wave function as a pre-step, in order to generate bunched 
electron beams, which upon interaction with a grating can produce a coherent radiation at the same 
frequency of the imposed laser excitation [142]; (iii) Considering aperiodic chains of nanospheres in the 
form of tessellated and Fibonacci patterns; (iv) Including Babinet metasurfaces which offer a better 
control over the polarization state of the emitted light in comparison with metallic gratings [143]; (v) 
Inclusion of a compact cylindrical optical corrugated waveguide and a feedback mirror, which offers an 
enhanced Smith–Purcell radiation and  high photon generation efficiency [144]; (vi)  
 
3.2. Metamaterial-based electron-beam-driven photon sources 
In distinction to the Smith-Purcell emission, here photon generation mechanisms based on TR, CR, and 
diffraction radiation is considered. In an interesting configuration (figure 9(a)), Bendana et al. 
demonstrated that an electron beam interacting with an optical fiber can generate a single photon source 
which is then coupled to the fundamental mode of the fiber in a near-deterministic way , which is 
captured in the calculated photon yield (figure 9(b)) [145]. It has been subsequently shown that the  
 
Figure 9. (a) A single electron interacting with an optical fiber can generate single photons with high 
efficiency for large values of the fiber radius. (b) Yield of the generated photon which is coupled to 
the fundamental mode of the waveguide. Reproduced with permission from [145]. © American 
Chemical Society. A planar configuration of nanoantennas coupled to a resonator and a plasmonic 
rib wave guide can be used to generate photons which then propagate in the waveguide in a 
unidirection way. (c) EEL probability with and without including the resonator (feedback element), 
and (d) the calculated z-component of the electric field. Adapted from [115].  
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composition of nanoantennas coupled to a plasmonic rib waveguide, can be used for controlling the recoil 
that the electron receives and also to generate single photons in a unidirectional emission pattern [115]. 
Zheludev and coworkers showed that a tunable light source can be configured by the interaction of 
electron sources with gold/silica multilayer structures (figure 10(a)) [146, 147]. Whereas there are some 
similarities between this configuration and that of a Smith–Purcell free electron laser, the configuration 
used by Adamo can be used to generate broadband emission in the visible range. Nevertheless, the 
emission from their structure was expected to be incoherent. In another contribution, Zheludev and 
coworkers demonstrated that a metamaterial-based planar structure traversed by an electron beam emits 
photons which are coherent with the near-field of the electron (figure 10(b)), which is mainly due to the 
collective excitation of the metamaterial elements and the excitation of surface plasmons [148]. 
Moreover, when the electron beam is focused on the metamaterial elements instead of the solid film, the 
emission is further enhanced. Recently, it has been demonstrated by the same group that holographic 
patterns can be exploited to control the directionality, the wavelength, and the polarization state of the 
generated light in a fully coherent way [149] (Figure 10(c)). Interestingly, generation of optical vortex 
beams with topological charges of up to 10 has been demonstrated by such holographic patterns. It has 
been concluded that holographic structures in comparison with thin films can enhance the brightness by 
up to two orders of magnitude.  
 
Figure 10. (a) Upper frame: Topology of a tunable ‘light-well’ electron driven source. Lower frame: 
Spectrum of the reflected light from such a configuration. The intensity of the emitted light versus 
electron beam current is shown in the lower inset, and the wavelength of the emitted light versus the 
electron energy is depicted in the upper inset. Reproduced with permission from [147], © IoP 
publishing. (b) Upper frame: Configuration of the electron-beam-driven metamaterial light source. 
Lower frame: the spectrum of the emitted light for different electron impacts shown in the inset. 
Reproduced with permission from [148], © American Physical Society. (c) Upper frame: normal 
transition radiation for an electron traversing a thin film. Lower frame: Transition radiation from a 
holographic mask.  Adapted from [149]. 
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Another strategy to control the directionality of the emission and at the same time to enhance the radiation 
is a concomitant utilization of hyperbolic metamaterials and photonic crystals [150]. Whereas the 
hyperbolic materials serves to provide a better coupling efficiency of the electron-induced polarization to 
the radiation continuum [83], the photonic crystal structure helps to control the directionality of the 
emission and also to enhance the Purcell effect, which also enhances radiation. As an example, an 
inverted super lens composed of Ag/Al2O3 multilayers and an incorporated hexagonal photonic crystal 
can be used to generate a unidirectional radiation pattern along the electron trajectory, in the form of 
ultrashort optical transverse-magnetic Laguerre–Gaussian pulses. 
 
3.3. Applications of electron-driven photon sources 
3.3.1 Quantum-optical experiments 
Future quantum computing and information technologies necessitate gaining control over the generation, 
propagation, and detection of single photons. Usually single photon states in vacancies and 
semiconductor-based nano-circuitries are controlled and detected by means of optical methods like 
photoluminescence. Tizei and Kociak demonstrated for the first time that electron probes can be used to 
generate such photon states in nitrogen-vacancy centers on the nanometer scale (figure 11(a)) [151]. By 
combining the CL detection system with a Hanbury Brown–Twiss intensity interferometer, the second-
order correlation function could be measured, which showed a dip at few nanosecond temporal delays, 
which is a clear signature of photon antibunching (figure 11(b)). Moreover, electron-induced single-
photon states in individual CdSe/CdS quantum dots were studied and directly compared to the 
photoluminescence spectra (figures 11(c) and (d)) [152]. Furthermore, CL and photoluminescence of 
ensembles of defect centers of diamond and hexagonal boron nitride were studied and compared by 
measuring the second-order auto-correlation function [153, 154]. 
 
3.3.2. Time-resolved spectroscopy 
Besides the direct excitation of single photon sources like quantum dots and defect centers, electron-
driven metamaterial-based photon sources are suitable for performing spectral interferometry within the 
electron microscopes, as conjectured recently by means of simulations [150]. This is achieved by 
exposing focused transition radiation of the electron, which is mutually coherent with the near-field of the 
electron self-field, onto a sample (figure 12(a)). The sample is located at the distance L from the electron-
driven photon source (EDPHS) (figure 12(b)). Because the electron and photons propagate at different 
velocities in the vacuum, the delay between the electron beam and the TR at the sample position is 
controlled by changing the distance L as  1 L V   , where L is the speed of the electron, V c  , 
and c is the vacuum speed of light. Moreover, by changing the distance, the relative phase of the electron-
induced and photon-induced excitations in the sample can be further controlled, which causes interference 
patterns in the acquired EEL [155] or CL spectra (figure 12(c)). The acquired EEL or CL energy–distance 
map allows one to extract the spectral phase of the electron-induced excitations relative to the photon-
induced excitations [150]. 
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Figure 11. (a) Annular dark-field image of a diamond nanoparticle.  (b) Second-order auto-
correlation function acquired for different positions of the electron beam, depicted at the image. (a) and 
(b) panels are reproduced with permission from [151]. © American Physical Society. (c) high-angle 
annular dark-field image of a single CdSe/CdS quantum dot. (d) CL and photoluminescence spectra of the 
same quantum dot. Left inset: schematic of the experiment. Right inset: photoluminescence correlation 
time. Reprinted with permission from [152], © American Physical Chemistry. 
 
4. Mesoscopic metallic and dielectric laser accelerators  
Linear acceleration, either with dielectric or metallic gratings, is a separate field of study. Extensive 
publications and reviews have already been devoted to this topic, with an ongoing effort to optimize and 
miniaturize the accelerators [156]. Here, the focus is on the peculiar similarities between the two branches 
of science, namely electron-based radiation and linear acceleration, and possible applications in electron-
beam shaping. As mentioned above, synchronization between a grating diffraction mode and the electron 
beam leads to a coherent Smith–Purcell radiation. In an inverse approach, illuminating the grating with an 
intense laser radiation will cause the electrons travelling adjacent to the grating to gain energy. This effect 
has been first proposed by Shimoda in 1962 [157] and experimentally realized by Mizuno et al. 25 years 
later [158]. The grating acts as a mediator for transferring the energy and momentum of the light to the 
electron beam. Depending on the incorporated grating, the mesoscopic accelerators may be divided into 
three categories, namely plasmon-, metamaterial-, and dielectric-based linear accelerators (LINACs). 
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Figure 12. (a) Schematic of the proposed spectral interferometry experiment with an electron 
microscope. (b) an example of an electron-driven photon source. Right panel shows the z-component 
of the electric field radiated from the EDPHS, at a certain time. (c) Calculated CL energy–distance 
map versus energy and distance L between the sample and the EDPHS. Adapted from [150]. 
 
4.1. Plasmon- and metamaterial-based linear accelerators  
Although the acceleration based on the interaction of electrons with a laser-illuminated plasma has 
been used to accelerate particles [159], plasmon-based accelerators can offer a more concise mesoscopic 
acceleration device. The first experiments regarding the inverse Smith–Purcell effect incorporated 
metallic gratings [158, 160]. This concept has been confirmed again in 2003 by studying both low-energy 
and relativistic electrons [161]. Recently, it has been demonstrated that the near-field of an electron beam 
can also be amplified by synchronizing the electron with the evanescent tail of the laser-induced surface 
plasmon mode [162], in well-designed configuration positioned inside a scanning electron microscope. 
Even more concise acceleration platforms may be practically realized by considering the concepts in 
designing metamaterials for improving the stability of the beam as an example [163]. 
 
4.2. Dielectric-based linear accelerators 
Despite the enormous near-field enhancement of up to several orders of magnitude which occurs 
near metallic gratings because of the excitation of surface plasmons [164], the measured acceleration 
gradient for metallic-based LINAC is about two orders of magnitude smaller than for the RF linac. This 
difference arises because of the low radiation damage threshold of metals. In this regard, dielectric-based 
accelerators with higher damage threshold are viable for higher acceleration gradients [165]. Dielectric 
LINACs paired with laser fibers can provide a miniaturized accelerating platform [166, 167]. 
Additionally, low energy photoemission electrons from needle tips can be further accelerated using 
dielectric LINACs, where the combination of two structures can form a miniaturized electron gun which 
generates coherent pulsed electrons at desired energies [168]. 
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In general an efficient and stable beam accelerator must fulfill the following requirements: (i) The 
synchronicity condition has to be considered in order to provide a continuous transfer of the momentum 
from the laser illumination to the electron beam by means of the near-field distribution of the grating 
[169-171]. (ii) Feedback elements are routinely included in the design of Smith–Purcell free-electron 
lasers, and can also improve the efficiency of the dielectric LINACs. (iii) During the course of interaction 
with the laser beam and gratings, the particles are accelerated in a quite fast way, and soon become out of 
phase with the synchronize mode. This phenomenon is called dephasing. In order to account for this 
change, multiple stages of accelerators and chirped gratings may be used [172-174]. (iv) Only 
longitudinal forces originating from the longitudinal components of the electric field are helpful for 
acceleration. However, the near-field distribution of the grating enforces also a transverse force, which is 
out of phase with the longitudinal force, and causes defocusing of the electron beam. In order to avoid 
defocusing, a symmetric configuration needs to be implemented [175]. Indeed an ideal platform might be 
the closed form waveguide positioned inside a 3D photonic crystal [176]. However, due to the formation 
of a quasi-cavity in the symmetric configurations, near-field-enhanced Kapitza–Dirac-like diffraction of 
electron wave functions is another source of defocusing [121]. 
 
 
5. Shaping the electron wave function  
The nonrelativistic solutions for the wave equation in a cylindrical system are given by a set of 
complete basis functions defined as  ;z        exp zik z    expmB k im    exp i t , where 
mB is the Bessel function of order m, 
2 2 2zk k m   ,  is the kinetic energy of the electron, and m is 
the azimuthal order. On this basis, evolutions of waves in cylindrical systems are well described by three 
parameters which define degrees of freedom of beams, namely m , k  or zk , and the spin of the electron 
defined by 1 2s   . In fact, it has been known for long time that an electron has a magnetic moment 
[177-179] associated with its spin, in contrast to photons. The interaction of the spin with an external 
magnetic field causes spectral fine structures of atoms and molecules [180]. Moreover, the electron has an 
orbital angular momentum. Specifically, the momentum density of an electron is given by  
    † †2P i           † ˆ4      (6) 
in which ˆ  is the Pauli matrix and  is the electron wave function. The first and second terms in eq. (6) 
are associated with the linear momentum and spin, respectively. While the spin of an electron originates 
from the circulating flow of energy inside an electron wave function, the linear momentum is attributed to 
the electron in motion [181]. Moreover, linear momentum produces a coordinate-dependent orbital 
angular momentum, defined as     † † 32L i r d r         [182]. Even free electrons can 
preserve an orbital angular momentum by having structured wave functions like Laguerre–Gaussian 
forms, which carry azimuthal phase structures. There is an intrinsic similarity between electrons and 
photons in this regard, as the statistical distribution of both in the time-harmonic representation is 
described by the Helmholtz wave equation [182].  The applicability of such a concept in controlling the 
magnetic moment of a free electron beam, which cannot be achieved for the spin-induced magnetic 
moment, and the fact that the effect of spin on elastic scattering is weak [183], together have opened a 
recent paradigm in electron microscopy. 
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Transversal electron beam shaping, however, covers a much broader concept beyond angular 
momentum manipulations [184, 185]. Realization of non-diffractive wave fronts [186] could offer a 
suitable means to tailor the electron trajectories in microscopes. In fact, in the ideal case non-diffractive 
wave patterns, such as Bessel beams, maintain their shapes and are immune to expansion via propagation 
in space. However, despite the great interest in optics towards diffraction-less photon beams, only little 
attention has recently been paid to electron Bessel beams [187, 188] and Airy beams [189].  
The applicability of controlling the phase and shape of the electron wave function to decompose the 
plasmonic modes according to their symmetry has been demonstrated [190]. Another advanced way of 
shaping a quantum wave function has been used for several years to control quantum-coherent paths in 
solid-state physics [191] and chemistry [192], in order to manipulate the final atomic and molecular states 
towards a desired wave packet. In principle, it is also possible to employ free-space optical beams to 
coherently manipulate the shape of a swift electron wave function, as has been demonstrated already 
several years ago by the Kapitza–Dirac effect and also exploited experimentally [55]. Recently, 
exploiting the Kapitza–Dirac effect to generate electron beams with angular momentum has also been 
theoretically explored [193]. 
 
5.1.  Shaping the transverse components of the wave function with thin masks 
Electron vortices were first theoretically proposed by Bliokh et al. [194] and shortly after experimentally 
realized by Uchida and Tonomura by incorporating stacked graphite thin layers [195]. A relativistic 
electron passing through such a mask experiences different optical paths in regions with different 
thicknesses. At some specific positions of the sample, orientations of graphite stacks were such which 
created a singularity in the electron phase front, hence  imposing an azimuthal order m = 1 over the 
electron. Soon afterwards, such masks were replaced by holograms [196, 197], which delivered more 
control over the azimuthal order m, to go beyond the value m = 1 (figure 13(a)). Currently, azimuthal 
orders up to m=50 [198] (figure 13(b) and (d)) and even m = 400 [199] (figure 13(c) and (e)) can be 
obtained by using nanofabricated computer-generated holograms. Electron vortex beams promise various 
applications in chemistry and solid-state physics [185], ranging from manipulation of nanoparticles by 
transferring the angular momentum to them [200] and energy-loss magnetic dichroism [201] to very 
fundamental aspects such as magnetic monopole moments sculptured in electron waves [202]. 
 
5.2. Shaping the longitudinal components of the wave function with nanostructures 
While the above mentioned beam shaping involves a control of the transversal components of the electron 
beam into a superposition of angular momentum orders, more advanced manipulation of the shape of an 
electron wave function has to be achieved for an optimum control in three dimensions. An example for 
manipulating the shape of an electron wave function in the longitudinal direction is electron beam 
bunching [203] in which relativistic electrons interacting with magnetic undulators and plasma-based 
accelerators form bunches [204]. Interaction of pre-bunched electron beams with matter and optical 
gratings results in novel coherent radiation mechanisms like superradiant emission [205, 206]. The effects 
of pre-bunching and the modulation index of the electron beams on the wavelength and also the
24 
 
 
Figure 13. Electron vortex beams with controlled angular momentum orders. (a) Spatial profile of a 
Laguerre–Gaussian electron wave function for an electron with m = 50 and n = 5, at a kinetic energy 
of 50 keV. A hologram-generated mask for producing angular-momentum orders up to (b) m = 50, 
and (c) m = 1000. Electron intensity patterns detected after the interaction of the electron with the 
holograms shown in (b). (e) Experimentally observed and simulated patterns after the interaction of 
electron beams with the hologram shown in (c). (f) Spatial profile of the Laguerre–Gaussian electron 
wave function, angular momentum, and magnetic moment of a vortex electron beam in a cylindrical 
coordinate system designated by  z   . Here, n, m are integers, 0w is the beam waist, 
   
2
0 1 Rw z w z z  , 
2
0Rz w  is the Rayleigh range, and  
m
nL  are the Laguerre polynomials. 
(b) and (d) are reprinted with permission from [198]. © American Association for the Advancement 
of Science. (c) and (e) are reproduced with permission from [199]. © American Physical Society.  
 
gain threshold of many different kinds of mechanisms of radiation in free-electron lasers like Cherenkov 
radiation [207, 208], surface-wave-enhanced radiation [208], travelling wave radiations [209], and masers 
[210] have received particular attention. 
6. Self-consistent methods to simulate the interaction of electrons with light and matter 
Quantum mechanical aspects of the interaction of electron with electromagnetic field can be 
described with the Schrödinger equation as 
25 
 
 
    
    
 
2 2
22
0 0 0
, ,
2 2
,
, ,
i e e
A r t A r t
m m m
r t
e r t r t i
t

 
   

 

  (7) 
where the Coulomb gauge is applied. Here, 0m  is the free electron mass,  ,r t is the electron wave 
function, r is the displacement vector, t is time, e is the electron charge,  ,A r t and  ,r t  are the 
electromagnetic vector and scalar potentials, respectively. Very often, the scalar potential  ,r t is 
neglected. Additionally, when interaction of high energy electrons with optical modes of nanostructures 
and lasers are considered, it is convenient to use perturbation algorithms, such as adiabatic 
approximations [211]. Within adiabatic approximation one considers the wavefunction as 
      0, , exp ,r t r t i S r t  , where the insertion of this ansatz in eq. (7) leads to a coupled system 
of equations for the unknowns  0 ,r t  and  ,S r t , which is further simplified by considering the first 
orders in . Additionally, in many cases a major simplification is further applied, where the spatio-
temporal changes in the amplitude is also neglected. The solutions to the electron wavefunction in this 
case are called Wolkow sates [212]. Using Wolkow assumption, all the changes in the electron 
wavefunction during its interaction with the electromagnetic field are accumulated in the phase of the 
electron as 
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Where 0e ek m V is the electron wave vector, and eV is the initial velocity of the electron. This 
approximation has a wide range of applications in understanding the electron-photon interactions in 
photon-induced near-field electron microscopy [29], and in general in laser-assisted dynamics [213]. 
However, despite all the success of the adiabatic approximations in understanding the behavior of 
electrons interacting with magnetic domains and strong laser fields, there exists a range of phenomena 
where a full-wave analysis should be accounted. These phenomena include interaction of slow electrons 
with structures and fields in low-energy electron-diffraction [214, 215] and in general whenever a strong 
recoil and modulation of the amplitude of the electron wave function is expected, more accurate 
numerical methods are to be considered. Self-consistent numerical methods are examples of such 
techniques. 
Self-consistent numerical methods are routinely applied to model numerous physical processes 
including (i) coupling of quantum emitters to dielectric and plasmonic nanoparticles within the empirical  
Maxwell–Bloch framework [216, 217], (ii) charge carrier mobility induced by the electromagnetic 
radiation in nanostructures  and free-space within the Maxwell–Schrödinger framework  [121, 218], and 
26 
 
(iii) charged-particle trajectories in free electron lasers and accelerators based on Maxwell–Lorentz 
combined systems of equations [219, 220]. Here, we focus on the interaction of free electrons with 
electromagnetic radiation to be exploited in accelerators and electron microscopes, and their modelling 
within the self-consistent Maxwell–Lorentz and Maxwell–Schrödinger frameworks.  
6.1. Maxwell–Lorentz framework 
Perhaps one of the most used numerical techniques is the particle-in-cell (PIC) method. This method 
is applied to a multitude of physical problems from plasma physics to radiation sources such as free 
electron lasers and accelerators. Moreover, PIC initiated the development in the field of self-consistent 
analysis, and historically rooted from the self-consistent calculations of Buneman [221] and Dawson 
[222] in the 1950s. In PIC the dynamics of the particles interacting with the radiation is computed in the 
phase space at continuous particle locations and is then projected on the grids associated with the 
discretized simulation domain for the field components. The simulation is called self-consistent mainly 
because the source terms, which appear in the Maxwell’s equations because of the charged particle 
motions, are accumulated at each time step from the particle domain to the field-solver. The particle 
positions and dynamics are calculated using the relativistic Newton–Lorentz system of equations, 
whereas in a finite-difference form either the Boris scheme [223] or the Vay scheme [224] are adopted.  
In the absence of external electromagnetic radiation, and especially when single-particle trajectories 
are considered beyond the non-recoil approximation, special care should be exerted when mapping the 
particle positions from the continuous to the discretized domains. This problem is at the heart of the 
problem of self-inertia and radiation resistance for electrons in classical electrodynamics [225]. 
Nevertheless, the mapping of a singular particle to the simulation domain is usually performed using 
interpolation schemes, such as nearest grid points, linear, and quadratic methods [219]. A more suitable 
method however, is to employ a spherically symmetric electron toy model without a strict radial cut-off, 
such as a Gaussian electron model [115, 150].  
 
6.2. Maxwell–Schrödinger framework 
Self-consistent analysis has recently been applied to investigate quantum-mechanical effects in 
modelling charge carrier mobility in low-dimensional quantum devices such as carbon nanotubes [216, 
218, 226, 227]. In this context, a numerical self-consistent toolbox has been developed based on the 
combined system of Maxwell and Schrödinger equations, in order to study the dynamics of free-space 
single-electron wave packets interacting with nanostructures and light. While electron bunching has been 
exclusively considered within the context of classical framework (Lorentz equations) and many-particle 
dynamics, using the mentioned numerical toolbox it has been shown that even a single electron wave 
packet interacting with optical gratings and laser fields can undergo a bunching effect as well (figure 
14(a)) [121]. Furthermore, It has been analytically demonstrated by Gover and Pan that the stimulated 
mechanism of radiation can have a direct influence on the shape of the electron wave packet up to a 
certain length of the electron drift [116]. Moreover, such a platform, which includes gratings of 
nanostructures and coherent radiation sources, can be used to shape the electron wave function into a 
desired form (figure 14(b)).  
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Figure 14. (a) Coherent interaction of a single electron wave packet with a chirped silicon grating, 
where the grating is excited symmetrically from both sides with a pulsed laser excitation at the 
carrier wavelength of 830 nm. Adapted from [121]. (b) A planar chirality of the wave function is 
achievable by electron interaction with an asymmetric grating. 
 
7. Conclusion and Outlook 
Overall, electron beams interacting with nanostructures cover a vast variety of mechanisms of interaction, 
and constitutes unparalleled probes for the optical density of states in nanostructures. However, carefully 
engineered nanostructure may be used also for manipulating the free-space states of the electron beam, in 
order to either shape it or to create new sources of tunable coherent light. Metamaterials might play an 
important role here, but still are to be further explored. In particular, the dominant contribution of bulk 
plasmons to the electron-induced radiation might render epsilon-near-zero materials into interesting  
candidates for the design of  electron-driven photon sources [228]. Additionally, such radiation sources 
might be directly implemented into electron microscopes to provide new characterization techniques 
which involve both photon and electron beams. Ultrafast coherent control of physical and chemical 
processes within time-energy phase space and at a single nanostructure level can be achieved with 
concomitant utilization of electron and photon beams, demanding that the mutual coherent between them 
become achievable at the attosecond level. Within this context, theoretical and numerical methods play a 
vital role to further understand the electron–light–material interaction especially beyond the nonrecoil 
approximation and to capture the underlying dynamics. Finally, self-consistent numerical methods are 
required to take into account the self-field of the electron during the course of interaction.  
Appendix: Cherenkov radiation in anisotropic and permeable materials 
We assume an electron which is propagating inside a material at the velocity V along the z-axis. The 
material is allowed to be anisotropic with the permittivity tensor: 
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and also permeable with the permeability r . We use the time-harmonic magnetic vector (  ,A r  ) and 
scalar (  ,r  ) potentials, which are related to the field components as  B A  and  ,E r  
 ,i A r   ,r   [104]. 
Using a convenient gauge theorem and the Maxwell equations, it is quite straight forward to construct a 
Helmholtz equation for  ,A r  as    2 20 0, ,r r rA r k A J r            where  , ,x y z , and 
 ,J r  is the current density distribution associated with the swift electron and given by  ,zJ r  
 , i tzJ r t e dt
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electron moving in a bulk medium, the whole solution may be constructed with only one component of 
the vector potential as: 
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which can be then used to calculate the field components, the EEL probability spectrum and the radiated 
power. However, for including material boundaries and interfaces, it is not sufficient to consider only one 
component of the vector potential as  0,0, zA A , rather a more sophisticated choice of two components 
will be necessary  [65]. 
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